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Abstract
Given a symmetry group one can construct the invariant dynamics using the
technique of nonlinear realizations or the orbit method. The relationship between
these methods is discussed. Few examples are presented.
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1
I Introducion
It is very common in physics that the symmetry principles provide the starting point
for constructing the relevant dynamics, both on classical and quantum levels. Among
numerous examples we quote only a few: Poincare [1] and Galilean [2] symmetries,
Newton-Hooke group [3], relativistic [4] and nonrelativistic [5] conformal groups etc.
The natural question arises whether there exist methods which allow to find and,
if possible, to classify the dynamical systems exhibiting a given in advance symmetry.
At least in the case of Hamiltonian systems with finite number of degrees of freedom
the corresponding algorithm does exist and is called the orbit method [6]-[11]. It
allows, in particular, to classify all symplectic manifolds on which a given group G acts
transitively and preserves symplectic structure.
An alternative method relies on the theory of nonlinear realizations of groups [12]. It
allows to construct various invariant dynamical systems in terms of geometry of group
manifolds. It was successfully applied to the case of conformal SL(2,R) symmetry [13]
in the interesting paper by Ivanov et al. [14] (for supersymmetric version see [15]).
Following their method Fedoruk at al. [16] considered dynamical realizations of N = 2
conformal Galilei algebras; this was further generalized [17] to arbitrary N .
The method of nonlinear realizations has many advantages. It allows to write out
invariant equations of first order once a subgroup of symmetry group is selected and
the relevant Cartan-Maurer forms computed. On the other hand, it cannot be taken
for granted that the resulting equations can be put in Hamiltonian form; in fact, it is
the case only provided the subgroup selected is the stability subgroup of same point
on coadjoint orbit.
In the present paper we analyze in some detail the relation between the method
based on nonlinear realizations and the orbit method. In Sec.II we show that the
orbit method can be reformulated in terms of nonlinear action of group on coset space.
In particular, the Hamiltonian equations of motion are formulated with the help of
Cartan-Mauerer forms and the group action in both formalisms is described.
In Sec.III few examples are considered. First, the results of Ref. [14] are discussed
within the general framework presented in Sec.II. Then, two examples related to N =
2 conformal Galilei group are described. While for the (centrally extended) N odd
conformal Galilean groups the situation seems to be clear [18]-[20], the case of N
even is more complicated. The algebra does not allow central extension (except in two
dimensions) and the classification of coadjoint orbits is much more involved. Therefore,
we restrict ourselves to two special cases. The first onereduces to the SL(2,R)-invariant
dynamics; the second describes nontrivial yet simple dynamics. Sec.IV is devoted to
short conclusions.
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II The orbit method and nonlinear realizations
The orbit method [6]-[11] provides a powerful tool for constructing the Hamiltonian
systems with dynamical symmetry. In fact, it allows to classify all phase manifolds
(i.e. symplectic ones) on which a given Lie group G acts transitively as a group of
canonical transformations. To specify the dynamics the Hamiltonian is assumed to be
an element of the Lie algebra of G (or, more generally, its universal enveloping algebra).
The power of the method relies on the fact that the dynamical systems can be defined
and classified by making only general assumptions concerning the symmetry structure;
no further a priori assumptions have to be made.
Let us discuss the main ingredients of the orbit method. Let G be a Lie group with
Lie algebra G spanned by the generators Xi obeying the commutation rules
[Xi, Xj] = icij
kXk (1)
Any element of G can be written as
ξ = ξiXi (2)
The adjoint action of G is defined by
Adg(Xi) = gXg
−1 ≡ Dj i(g)Xj (3)
In particular, for one-parameter subgroups g = exp {itξ} one obtains
Adg(Xi) = e
itξXie
−itξ = Xi − tξkcki jXj +O(t2) (4)
or, equivalently
Dj i
(
eitξ
)
= δj i − tξkcki j +O(t2) = δj i + tξkcik j +O(t2) (5)
For a general element ξ ∈ G we get
Adgξ = ξ
′iXi, ξ
′i = Di j(g)ξ
j (6)
The basis {X i} in the dual space G∗ is defined by pairing
〈
X i, Xj
〉
= δi j (7)
If ζ ≡ ζiX i is a general element of dual space, then
〈ζ, ξ〉 = ζiξi (8)
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The coadjoint action of G in the dual space obeys
〈
Ad∗gζ, Adgξ
〉
= 〈ζ, ξ〉 (9)
which yields
Ad∗gζ = ζ
′
iX
i, ζ ′i = D
j
i(g
−1)ζj (10)
On G∗ one defines Ad∗g-invariant Poisson bracket
{ζi, ζj} = cij kζk (11)
or, generally
{f1(ζ), f2(ζ)} = ∂f1
∂ζi
∂f2
∂ζj
cij
kζk (12)
The above Poisson structure is degenerate; this is easily seen by considering the function
f(ζ) corresponding to any Casimir operator of G.
Let us now introduce the dynamics by selecting a particular element of G as the
Hamiltonian
H = αiXi (13)
Let, further,
ξ(t) = Ade−itHξ = ξ
ie−itHXie
itH ≡ ξi(t)Xi; (14)
then one easily finds
ξ˙k(t) = ck ijξ
j(t)αi (15)
Defining the dynamics on dual space by
〈ζ(t), ξ(t)〉 = 〈ζ(0), ξ(0)〉 (16)
we arrive at the following equations of motion
ζ˙j(t) = cji
kαiζk(t) (17)
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with the solution (cf. eqs.(10) and (14))
ζj(t) = D
i
j
(
eitH
)
ζi(0) (18)
Eqs.(17) can be put in Hamiltonian form. Indeed, by defining
H˜(ζ) ≡ αiζi (19)
we rewrite eq.(17) as the canonical one
ζ˙i(t) =
{
ζi(t), H˜(ζ(t))
}
(20)
Having defined the Hamiltonian dynamics in G∗ let us now analyze the action of
G as the symmetry group. In doing that one should keep in mind that H , being an
element of Lie algebra G, does not commute in general with symmetry generators.
Therefore, they should depend explicitly on time.
Define the explicitly time dependent generators
X˜i (ζ, t) ≡ Dj i
(
e−itH
)
ζj (21)
They obey the (Poisson) commutation rules of G
{
X˜i (ζ, t) , X˜j (ζ, t)
}
= cij
kX˜k (ζ, t) (22)
Moreover, by virtue of eq.(18) they are constants of motion
X˜i (ζ(t), t) = ζi(0) (23)
or
{
X˜i (ζ, t) , H˜ (ζ)
}
+
∂X˜i (ζ, t)
∂t
= 0 (24)
The last equation can be also viewed as stating that X˜i (ζ, t) generate symmetry
transformation. Alternatively, this is easily verified by considering infinitesimal trans-
formations
δζi(t) =
{
λkX˜k (ζ(t), t) , ζi(t)
}
= λkDj k
(
e−itH
)
cji
lζl(t) =
5
= λkDj k
(
e−itH
)
cji
lDm l
(
eitH
)
ζm(0) = D
m
i
(
eitH
)
λkckm
lζl(0) = (25)
= Dm i
(
eitH
) {
λkζk(0), ζm(0)
}
= Dm i
(
eitH
)
δζm(0)
The global counterpart of eq.(25) defines the action of finite symmetry transformations
at time t:
ζ ′i = D
m
i
(
eitH
)
Dk m
(
e−iλ
lXl
)
Dj k
(
e−itH
)
ζj(t) (26)
We use above the exponential parametrization of global symmetry transformations;
however, one has to keep in mind that in most cases the exponential parametrization
does not provide the global map for group manifold and the global topological proper-
ties must be carefully taken into account.
In the Hamiltonian formalism the description of the symmetries refers to a fixed
time. On the other hand, in Lagrangian (i.e. ”explicitly covariant”) approach one
considers also the action of symmetry group on time variable. The necessity of taking
into account the nontrivial action of symmetry group on time variable appears often
in the following context. Let us consider the symmetry transformations acting in the
phase space and pose the question whether they can be viewed as canonical counterpart
of some point transformations. In general, the answer is no because, for example, new
coordinates are not only the function of old ones but also depend on initial momenta.
However, it can happen that the momentum dependence can be accounted for by
admitting the time variation. Then our initial canonical transformation is equivalent
to the point one, provided the latter includes time variation.
Let us assume that there exists a (generally nonlinear) realization of our symme-
try group G on one-dimensional manifold parametrized by time. This is possible if G
contains a subalgebra which after adjoining H spans the whole G. This means that G
contains the subgroup K such that G/K is one-dimensional coset space generated by
H . The action of G on t variable is given by
t′ = f(t;λ), f (f(t, λ′);λ) = f (t;ϕ(λ, λ′)) (27)
where ϕ(λ, λ′) gives the composition law in some (in general - local) coordinates on G.
The full action of G reads
t′ = f(t;λ)
ζ ′i(t
′) = Dm i
(
eit
′H
)
Dk m
(
g−1 (λ)
)
Dj k
(
e−itH
)
ζj(t) (28)
It is easy to verify that the action of G, defined above, obeys the appropriate com-
position rule; moreover, ζ ′i(t
′) obeys the equation of motion (17) (with respect to the
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new time variable t′).
Note that the eqs. (28) may be rewritten as follows. First, the second formula (28) in
a more compact form reads
ζ ′i(t
′) = Di i
((
e−it
′HgeitH
)
−1
)
ζj(t) (29)
Moreover, the action of g on time variable is given, according to the remark above, by
geitH = eit
′Hk(g, t), k(g, t) ∈ K (30)
which yields the first eq.(28).
The dynamics considered up to now is rather trivial. In fact, eqs.(17) are linear and
their solution (18) is immediately known. However, as mentioned above, the Poisson
bracket (11) is degenerate so there exist in G∗ submanifolds which are invariant under
the dynamics (17). The main point of the orbit method is that these submanifolds,
under the assumption that G acts transitively on them (i.e. the orbits of coadjoint
action of G on G∗) provide all G-invariant phase manifolds with transitive action of G.
The Poisson bracket can be consistently restricted to the orbits and becomes then
nondegenerate [6]-[11].
The geometry of orbits may be described in terms of the geometry of G. Let us
select a particular orbit O and let ζ (0) ∈ O be any point on it. Let H ⊂ G be the
stability subgroup of ζ (0):
ζ (0) = Dj i
(
h−1
)
ζ
(0)
j ⇐⇒ h ∈ H (31)
Then O is isomorphic to the left coset space W = G/H. Using this isomorphism it is
not difficult to give an explicit expression for the symplectic form on O defining the
Poisson bracket (Kirillov form). Namely, let
ω(w) ≡ w−1dw = iωi(w)Xi, w ∈ W (32)
be the left-invariant Cartan form on W . Define
ω˜(w) = ωk(w)ζ
(0)
k ; (33)
then dω˜(w) is the Kirillov form on O [11].
Due to the isomorphism of W and O the coordinates w on W provide simultaneously
the coordinates on O. Therefore, we would like to rewrite the dynamical equations
(17) in terms of w. To this end we put
ζi(t) = D
k
i
(
w−1(t)
)
ζ
(0)
k = D
−1 (w(t))k iζ
(0)
k (34)
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Inserting eq.(34) into eq.(17) one obtains
(
Ωl m(w,
dw
dt
)D−1(w)m i + cij
kαjD−1(w)l k
)
ζ
(0)
l = 0, (35)
or
(
Ωl m(w,
dw
dt
) + cij
kαjD(w)i mD
−1(w)l k
)
ζ
(0)
l = 0 (36)
here Ωl m is the Cartan form w
−1dw in adjoint representation
Ωl m(w,
dw
dt
) =
(
D−1
)l
k(w)dD
k
m(w) (37)
Note that due to the invariance of the tensors ci jk under the adjoint representation
eq.(36) is equivalent to
(
Ωl m
(
w,
dw
dt
)
+ cl mk
(
D−1
)k
j(w)α
j
)
ζ
(0)
l = 0 (38)
To solve the eq. (36) note that the Hamiltonian in adjoint representation reads
(iH)i j = α
kci jk (39)
This allows to rewrite eq. (38) symbolically as
(
iw−1Hwdt+ w−1dw
)
ζ (0) = 0 (40)
or
(
eitHw(t)
)
−1
d
(
eitHw(t)
)
ζ (0) = 0 (41)
which implies that
(
eitHw(t)
)
−1
d
(
eitHw(t)
)
belongs to the Lie algebra η of H. So we
arrive at the following formula for equations of motion
(
eitHw(t)
)
−1
d
(
eitHw(t)
) ∈ η (42)
which, in fact, yields the constraints on Cartan forms. The general solution to (42)
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reads
eitHw(t) = w0h(t), w0 ∈ W, h(t) ∈ H (43)
or
e−itHw0 = w(t)h
−1(t) (44)
We conclude that the dynamics is given by nonlinear action of exp (−itH) on coset
space G/H (which is rather natural conclusion).
Consider now the action of the symmetry group G. By virtue of eqs.(29) and (34)
one gets
ζ ′j(t
′) = Dk j
((
e−it
′HgeitHw
)
−1
)
ζ
(0)
k (45)
In terms of geometry of coset space eq.(45) yields
e−it
′HgeitHw = w′h(g, w, t), h(g, w, t) ∈ H (46)
or
geitHw = eit
′Hw′h(g, w, t) (47)
We see that the action of symmetry group, as defined within the framework of the
orbit method, coincides with the standard nonlinear realization of the symmetry group
a la Coleman et al. [12]. In fact, let us compare eqs.(43) and (47). We see that, start-
ing from the actual state of the system w(t) we first travel back to the initial moment,
t = 0, then act with the element g of symmetry group and finally come back to the
state at the transformed time t′
geitHw(t) = gw0h(t) = w
′
0h(g, w0)h(t) = e
it′Hw′(t′)h(t′) (48)
i.e. time-dependent action of g consists in relating two states at t and t′ which corre-
spond to the two initial states related by the standard action of G (which, again, is
not surprising).
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III Examples
III.1 Conformal quantum mechanics
The conformal group in 1 + 0-dimensions coincides with SL(2,R). It is generated by
time translations (H), dilatations (D) and special conformal generator (K). The cor-
responding Lie algebra reads
[D,H ] = −iH, [D,K] = iK, [K,H ] = −2iD (49)
Its basic representation is given by
H = iσ+, K = −iσ−, D = − i
2
σ3 (50)
SL(2,R) is locally isomorphic to SO(2, 1). Indeed, defining
M0 =
1
2
(H +K)
M1 =
1
2
(−H +K) (51)
M2 = D
one obtains
[Mα,Mβ ] = −iǫαβ γMγ, ǫ012 = 1, gαβ = diag(+−−) (52)
The counterpart of eq.(50) is
M0 = −1
2
σ2
M1 = − i
2
σ1 (53)
M2 = − i
2
σ3
Due to the local isomorphism of SL(2,R) and SO(2, 1) the adjoint (and, due to the
semisimplicity, coadjoint) action of SL(2,R) is the same as that of Lorentz group in
1 + 2-dimensions. This allows for simple classification of orbits. Let us take the orbit
(ζ0)
2 − (ζ1)2 − (ζ2)2 = λ2, ζ0 > 0 (54)
As the standard vector we take ζ (0) = (λ, 0, 0). Its stability subgroup is one-dimensional
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group generated by M0 =
1
2
(H +K). The convenient coset parametrization reads
w = eiw1Keiw2D (55)
Let
w0 = e
ic1Keic2D (56)
then eq. (44) takes the form
eitHeiw1Keiw2D = eic1Keic2De−
iτ
2
(H+K) (57)
which, up to notation and the choice of constants, coincides with eqs. (3.1) and (3.4) of
Ref. [14].Now, eq. (57) implies i(ωHH +ωKK + ωDD) = − i2 dτdt dt(H +K) i.e. ωD = 0,
ωH = ωK on trajectories.
Eq. (57) yields (after some redefinition of τ ):
w1 =
(
e−c2 + c21e
c2
2
)
sin τ
w2 = −2 ln cos τ
2
− ln (e−c2 + c21ec2) (58)
t =
ec2
1 + c21e
2c2
tan (
τ
2
) +
c1e
2c2
1 + c21e
2c2
Using eq. (34) together with (55) we find the parametrization of our orbit in terms
of variables w1, w2:
ζ0 = λ
(
chw2 +
1
2
w21e
w2
)
ζ1 = λ
(
shw2 − 1
2
w21e
w2
)
(59)
ζ2 = −λw12ew2
The Poisson brackets
{ζα, ζβ} = −ǫαβ γζγ (60)
yield
{w1, w2} = −1
λ
e−w2 (61)
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The same result is obtained by computing the Cartan forms (32)
ω0 = ew2dw1, ω
1 = ew2dw1, ω
2 = dw2 (62)
According to the eq. (33) we find
ω˜ = λew2dw1 (63)
and
dω˜ = −λew2dw1 ∧ dw2 (64)
in agreement with eq.(61).
The Hamiltonian reads
H˜ = λ
(
w21e
w2 + e−w2
)
(65)
and implies the following equations of motion
w˙1 = −w21 + e−2w2
w˙2 = 2w1 (66)
again in agreement with eqs.(2.14) of Ref.[14]
Let us define the canonical variables
x =
√
2λe
w2
2 , p =
√
2λw1e
w2
2 (67)
Then x > 0, p ∈ R, {x, p} = 1 and
H˜(x, p) =
p2
2
+
2λ2
x2
(68)
The action functional reads
S =
∫ (
−ω˜ω − H˜(w)dt
)
= λ
∫ (
−ew2dw1 − H˜(w)dt
)
(69)
Up to an exact form S can be rewritten as
S =
∫ (
w1e
w2dw2 − H˜(w)dt
)
=
∫ (
pdx− H˜(x, p)dt
)
(70)
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which is the standard form of action for conformal mechanics.
It is also easy to find the action of SL(2,R). To this end we consider eq. (46) (or
(47)). Taking into account the definition of coset space (55) we see that h(g, w, t) = 1
and the action of SL(2,R) is simply given by group multiplication, again with perfect
accordance with eq.(2.6) of Ref. [14].
III.2 Galilean conformal mechanics
S. Fedoruk at al. [16] constructed, using the method of nonlinear realizations, the
dynamical systems invariant under the action of N -Galilean conformal symmetry with
N = 2. It is well known that the N -Galilean conformal algebras with N even do not
admit (except in two dimension) the central extension. This makes the classification
of coadjoint orbits more complicated than in the case of centrally extended algebras
with N -odd.
Fedoruk at al. construction is based on the following ingredients: (i) the choice
of the subgroup H ⊂ G which defines the coset space G/H; (ii) the construction of
Cartan forms on G/H; (iii) the application of the so-called inverse Higgs mechanism.
The advantage of this scheme is that one gets an algorithm which allows to pro-
duce various invariant dynamical equations. The difficulty is that one cannot take for
granted that the resulting equation have automatically Hamiltonian form. In fact, this
depends on whether the selected subgroup H is or is not a stability group of some point
on coadjoint orbit.
Let us remind the form of conformal algebra for N = 2. It is spanned by so(d)
generators Jij , sl(2,R) ones K,D,H and additional generators Pi, Bi and Fi which
span D(1,1) representation of so(d)⊕ sd(2,R) :
[H,Pk] = 0 [H,Fk] = 2iBk [H,Bk] = iPk
[K,Pk] = −2iBk [K,Fk] = 0 [K,Bk] = −iFk (71)
[D,Pk] = −iPk [D,Fk] = iFk [D,Bk] = 0
Pk, Bk and Fk themselves span abelian subalgebra.
We shall discuss two examples of coadjont orbits and the corresponding dynamical
systems; for simplicity we assume d = 3. Defining the tensor Xαi by
X0i ≡ 1
2
(Pi + Fi)
X1i ≡ 1
2
(Pi − Fi) (72)
X2i ≡ Bi
one finds
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[Ji, Jj] = iǫijkJk
[Mα,Mβ] = −iǫαβ γMγ
[Ji, Xαj] = iǫijkXαk (73)
[Mα, Xβi] = −iǫαβ γXγi
the remaining commutators being zero. With J i, Mα, Xαi being the dual basis, the
general element of dual space reads
jiJ
i +mαM
α + xαiX
αi (74)
Assume first that the stability group contains SO(3). The general element (74)
depends on four coefficients, ji, Xαi, belonging to spin-1 irreducible representations of
so(3) and the scalars. Therefore, for SO(3) to be contained in stability subgroup of (74)
it is necessary that ji = 0, xαi = 0. The stability group of such a point is generated by
Ji and Xαi. We are left with SL(2,R) group and the dynamics considered in previous
subsection.
As a second example we choose initial point on the coadjoint orbit which breaks
explicity SO(d) symmetry. To this end let us first write out explicitly the coadjoint
action using eqs. (3) and (10). We put
g = ei
∑
ωαMαei
∑
ηiJiei
∑
yα iXαi (75)
which yields
g−1Xβjg =
(
R−1
)
kj
(
Λ−1
)α
βXαk
g−1Jjg =
(
R−1
)
kj
(Jk − ǫkilyα iXαl) (76)
g−1Mαg =
(
Λ−1
)β
α (Mβ + ǫβγ
ρyγ iXρi)
where R ∈ SO(3), Λ ∈ SO(2, 1). The orbit under consideration is selected by taking
the initial point in the form:
ζ = mαM
α + j
k
Jk + xαiX
αi (77)
with j
k
= 0, mα = 0 , xαi = ζα · si , ζα ≡ (λ, 0, 0), λ > 0 , si ≡ (0, 0, 1).
It is now easy to see that the stability subgroup is generated by M0, J3, X03, X11, X12,
X21 and X22. We are then left with eight generators M1, M2, J1, J2, X01, X02, X13
and X23. Therefore the coset element can be written as
w = ei
∑
′ ωαMαei
∑
′ ηiJiei
∑
′ yα iXαi (78)
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where
∑
′ ωαMα ≡ ω1M1 + ω2M2,
∑
′ ηiJi ≡ η1J1 + η2J2,
∑
′ yα iXαi ≡ y0 1X01 +
y0 2X02 + y
1
3X13 + y
2
3X23 ≡ yα iXαi.
The resulting orbit reads finally
mα =
(
Λ−1
)β
α
(
ǫβγ
ρyγ iζρsi
)
ji = −
(
R−1
)
kj
ǫkily
α
iζαsl (79)
xβj =
(
R−1
)
kj
(Λ−1)
α
βζαsl
where Λ (respectively R) is generated by the elements M1, M2 (respectively J1, J2).
The orbit (75) may be rewritten in more elegant form by defining
ζα ≡
(
Λ−1
)β
αζβ
sk ≡
(
R−1
)
jk
sj (80)
yα i ≡
(
Λ−1
)
β
α
(
R−1
)
ki
yβ k
Then eqs (79) take the form
mα = ǫαβ
γyβ kζγsk
ji = −ǫijkyα jζαsk (81)
xαi = ζαsi
The price one has to pay for the new form of orbit are constraints. First, from eqs.
(80) one gets
sisi = 1, ζαζ
α = λ2 (82)
Moreover, one has to reduce the number of independent components of yα i. The rele-
vant constraints read
ζαsiy
α
i = 0
ǫαβγǫijksjζ
βyγ k = 0 (83)
The constraints (83) express the fact that there are only four independent variables
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yα i. They can be replaced by new ones
ti ≡ yα iζα
ηα ≡ yα isi (84)
obeying
siti = 0
ζαη
α = 0 (85)
The orbit (81) is now parametrized as
mα = ǫαβ
γηβζγ
ji = ǫijksjtk (86)
xαi = ζαsi
with parameters being constarined by eqs. (82) and (85). It is not difficult to find the
relevant Poisson brackets for new basic variables:
{si, sj} = 0
{si, tk} = δik − sisk
{ti, tk} = tisk − tksi
{ζα, ζβ} = 0 (87){
ζα, η
β
}
= δα
β − 1
λ2
ζαζ
β
{
ηα, ηβ
}
=
1
λ2
(
ηαζβ − ηβζα)
with all remaining Poisson brackets vanishing.
Finally, the Hamiltonian reads
H = m0 −m1 =
(
η2ζ1 − η1ζ2 + η0ζ2 − η2ζ0
)
(88)
Let us describe in some detail our model. The phase space is the product of cotangent
bundles to the unit sphere and to the upper sheet of hyperboloid ζαζα = λ
2. The
SO(3) × SL(2,R) group acts naturally. On the other hand the action of the abelian
subgroup exp (izα iXαi) reads
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s′i = si
ζ ′α = ζα
t′i = ti + (δik − sisk)ζαzαk (89)
η′α = ηα +
(
δαβ −
1
λ2
ζαζβ
)
zβi si
One can easily check that the Poisson structure (87) is invariant under the above action.
The dynamics of si and ti variables is trivial. On the other hand the remaining
equations of motion read
ζ˙0 = ζ2 − 2
λ2
(ζ0)
2ζ2
ζ˙1 = −ζ2 − 2
λ2
ζ0ζ1ζ2
ζ˙2 = −ζ0 + ζ1 − 2
λ2
ζ0(ζ2)
2
η˙0 = η
2 +
2
λ2
η0ζ0ζ2 (90)
η˙1 = −η2 + 2
λ2
η1ζ0ζ2
η˙2 = −η0 + η1 + 2
λ2
η2ζ0ζ2
They are consistent with the constraints (82), (85).
One can easily construct the explicitly time dependent symmetry generators and
verify that they obey the correct Poisson algebra of our conformal Galilei group.
It is also straightforward but slightly tedious to show that the orbit construction
can be reformulated in terms of the geometry of nonlinear realizations defined by the
appropriate choice of stability subgroup (generated by J3, M0, X03, X11, X12, X21 and
X22). The relevant constraints on Cartan forms are read off from eqs. (42) and (43).
We omit the detailes here.
As it has been mentioned above the full classification of coadjoint orbits for N -
conformal Galilei algebras with N even (i.e. not admitting the central extension) is
rather involved even for N = 2. For the special choice of the orbit, eq. (77), the
relevant dynamical system is described by eqs. (81) - (90). However, the particular
form of dynamics seems to depend strongly on the choice of the orbit. This is also
the case for N odd if we assume the central charge is vanishing. On the contrary, for
nonvanishing central charge the dynamics is essentially unique [18], [19].
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IV Conclusions
There are two basic methods of explicit construction of dynamical systems on which a
given group G acts transitively as the symmetry group. One is based on the technique
of nonlinear realizations [12]. It allows for elegant and algorithmic construction of in-
variant dynamical equations by selecting an appropriate coset space and computing the
relevant Cartan-Maurer forms (and applying the so-called inverse Higgs phenomenon
[16]). The main problem with this approach is that it does not always lead to the
dynamics which admits Hamiltonian form.
The second method is based on the idea of coadjoint orbits. They are equipped with
invariant symplecting form (Kirillov form) and exhaust the list of all symplectic mani-
folds on which a given group acts transitively as a group of canonical transformations.
It appears to be the dynamical symmetry group provided the Hamiltonian belongs to
its Lie algebra (or universal enveloping algebra). A coadjoint orbit can be identified
with an appropriate coset space once the stability subgroup of an arbitrarily selected
point of the orbit is determined. This identification allows to establish the relation be-
tween both methods; in particular, the Kirillov form is expressible in terms of Cartan
forms [11]. Hamiltonian equations can be also rewritten with the help of these forms.
These general considerations were illustrated by few examples. First, we showed that
the elegant result of Ivanov at al. concerning the conformal (i.e. SL(2,R)) invariant
mechanics fits perfectly into the framework of orbit method. The second example is
related to the N = 2 conformal Galilei group. We find that if the stability subgroup
contains SO(3) then the Hamiltonian dynamics reduces to that of SL(2,R) confor-
mal mechanics. More complicated example has been also constructed which describes
the system with four degrees of freedom running over nontrivial configuration space
S2 ×H2, where H2 is the upper sheet of the hyperboloid ζ20 − ζ21 − ζ22 = λ2.
V Acknowledgments
The author would like to thank Professors Piotr Kosin´ski, Pawe l Mas´lanka and Dr.
Krzysztof Andrzejewski for helpful discussions and useful remarks.
This work is supported in part by MNiSzW Grant No.N202331139.
References
[1] E.Wigner, Ann.Math. 40 (1939), 149
S. Weinberg, The Quantum Theory of Fields, vol.I, Cambridge University Press
1999
[2] J.M.Le´vy-Leblond, Comm. Math. Phys. 6 (1967), 286
J.Nzotungicimpaye, Journ. Phys. A 27 (1994), 4519
[3] J.R.Derome, J.G.Dubois, N.Cim. B 9 (1972), 351
J.G.Dubois, N.Cim. B 15 (1973), 1
18
J.G.Dubois, Can. J. Phys. 51 (1973), 1757
A.Galajinsky, Nucl. Phys. B 832 (2010), 586
C.Duval, P.A.Horvathy, J. Phys. A 44 (2011), 335203
P.-M.Zhang, P.A.Horvathy , Kohn condition and exotic Newton-Hooke symmetry
in the non-commutative Landau problem, arXiv: 1111.1595
P.-M.Zhang, G.W.Gibbons, P.A.Horvathy, Phys.Rev. D 85 (2012), 045031
P.-M.Zhang, P.A.Horvathy, K.Andrzejewski, J.Gonera, P.Kosin´ski, Ann.Phys.
333 (2013),335
[4] H.A.Kastrup, Ann. Phys 17 (2008), 631 and references therein
[5] P.Havas, J.Pleban´ski, J.Math.Phys. 19 (1978), 482
M.Henkel, J.Stat.Phys.75 (1994), 1023
J.Negro, M.A. del Olmo, A.Rodriguez-Marco, J.Math.Phys. 38 (1997), 3786; ibid.
3810
A.Galajinsky, I.Masterov, Phys. Lett. B 702 (2011), 265
[6] A.Kirillov, Elements of the Theory of Representations, Springer, Berlin, New York
1972
[7] J.M. Souriau, Structure of Dynamical Systems. A Symplectic View of Physics,
Birkhauser 1997
[8] B.Konstant, Lecture Notes in Mathematics, N0 170, Springer, Berlin 1970
[9] R.Giacchetti, Riv. Nuovo Cim. 4 (1981),1
[10] V.Arnold, Mathematical Methods of Classical Mechanics, Springer, Berlin, New
York 1989
[11] J.Marsden, T.Ratiu Introduction to Mechanics and Symmetry, Texts in Applied
Mathematics 17, Springer, Belin, New York 1994
[12] S.Coleman, J.Wess, B.Zumino, Phys.Rev. 177 (1969), 2239
C.Callan, S.Coleman, J.Wess, B.Zumino, Phys.Rev. 177 (1969), 2247
[13] R.Jackiw, Phys. Today 25 (1972),23
V.de Alfaro, S.Fubini, G.Furlan, Nuovo Cim. 34 A (1976), 569
[14] E.Ivanov, S.Krivonos, V.Leviant, Journ. Phys. A 22 (1989), 345
[15] E.Ivanov, S.Krivonos, V.Leviant, Journ. Phys. A 22 (1989), 4201
J.A. de Azcarraga, J.M. Izquierdo, J.C. Perez Bueno, P.K.Townsend, Phys. Rev.
D 59 (1999), 084015
[16] S.Fedoruk, E.Ivanov, J.Lukierski, Phys. Rev. D 83 (2011), 085013
19
[17] A.Galajinsky, I.Masterov, Nucl. Phys. B 866 (2013), 212
A.Galajinsky, I.Masterov, Dynamical realization of l-conformal Newton-Hooke
group, arXiv: 1303.3419
[18] J.Gomis, K.Kamimura, Phys. Rev. D 85 (2012), 045023
[19] K.Andrzejewski, J.Gonera, P.Mas´lanka, Phys. Rev. D 86 (2012), 065009
[20] K.Andrzejewski, J.Gonera, Phys.Lett. B 721 (2013), 319
K.Andrzejewski, J.Gonera, A.Kijanka, Phys.Rev. D 87 (2013), 065012
20
